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IMPLICATIONS BETWEEN APPROXIMATE CONVEXITY PROPERTIES 
AND APPROXIMATE HERMITE-HADAMARD INEQUALITIES 

JUDIT MAKO AND ZSOLT PALES 

Abstract. In this paper, the connection between the functional inequalities 
f[— — )^ 2 +aj{x-y) (x,yeD) 

and 

/ f(tx + (l-t)y)p(t)dt<\f(x) + (l- \)f(y)+a H (x-y) (x,y G D) 
Jo 

is investigated, where D is a convex subset of a linear space, / : D K, an, aj : D — D M 
are even functions, A € [0, 1], and p : [0, 1] — > R+ is an integrable nonnegative function with 
jlp{t)dt = l. 



1. Introduction 

Throughout this paper IR, R + , N and Z denote the sets of real, nonnegative real, natural and 
integer numbers, respectively. Let X be a real linear space and D C X be a convex set. Denote 
by D* the difference set of D: 

D* := D — D := {x — y \ x,y E D}. 

Of course, D* is convex and G D*. It is well-known (see |9J, [20] , |17| . and [21], [7]) that convex 
functions / : D — > R satisfy the so-called lower and upper Hermite-Hadamard inequalities 

(1) f(^-)< jj{tx + {l-t)y)dt (x,yeD), 
and 

(2) Jj(tx + {l-t)y)dt< f{x)+ 2 f{v) (x,yeD), 

respectively. The converse is also known to be true (cf. [23], [24]), i.e., if a function / : D — > R 
which is continuous over the segments of D satisfies ([T]) or (T5]), then it is also convex. 
More generally, it is easy to see that the e-convexity of / (cf. [10J ) , i.e., the validity of 

f(tx + (1 - t)y) < tf(x) + (1 - t)f(y) + e (x,yeD,te [0, 1]), 

implies the following e-Hermite-Hadamard inequalities 

(3) f(^±l^< J 1 ^ f(tx + {l-t)y)dt + E (x,yeD). 
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and 

(4) £f{tx + (l-t)y)dt< M±M + £ (x,yeD). 

Concerning the reversed implication, Nikodem, Riedel, and Sahoo in [25J have recently shown 
that the e-Hermite-Hadamard inequalities ([3]) and (j4]) do not imply the ce-convexity of / (with 
any c > 0). Thus, in order to obtain results that establish implications between the approximate 
Hermite-Hadamard inequalities and the approximate Jensen inequality, one has to consider these 
inequalities with nonconstant error terms. More precisely, we will investigate the connection 
between the following functional inequalities: 

fc\ ff x + V \ ^ f( x ) + f(v) , / \ t ^ n\ 
y b ) f[-^—)< g + a,j(x-y) (x,yeD), 

(6) /fi±iA<jf f(tx + {l-t)y)dt + a H {x-y) (x,y G D), 

(7) f f(tx + (l-t)y)p(t)dt<\f{x) + {l-\)f(y) + a H (x-y) (x, y G D), 
Jo 

where an, ctj : D* — > R+ are given even functions, A G [0, 1], and p : [0, 1] — > M + is an integrable 
nonnegative function with 

l 

p(t)dt = 1. 

In order to describe the old and new results about the connection of the approximate Jensen 
convexity inequality (j3j) and the approximate lower and upper Hermite-Hadamard inequalities 
and (j7]), we need to introduce the following terminology. 

For a function / : D — > R, we say that / is lower hemicontinuous, upper hemicontinuous, and 
hemiintegrable on D if, for all x,y G D, the mapping 

t^f(tx + (l-t)y) (te [0,1]) 

is lower semicontinuous, upper semicontinuous, and Lebesgue integrable on [0,1], respectively. 
We say that a function h : D* — > K is radially lower semicontinuous, radially upper semicon- 
tinuous, radially increasing, radially measurable, and radially bounded, if for all w G -D*, the 
mapping 

(8) * ^ /i(tu) (t G [0, 1]) 

is lower semicontinuous, upper semicontinuous, increasing, measurable, and bounded on [0,1], 
respectively. (Note that, by the convexity of D* and £ D*, the function (jSJ) is correctly 
defined.) 

In [16], the relationships between the approximate lower Hermite-Hadamard inequality ([6]) and 
approximate Jensen convexity inequality © were examined by Hazy and Pales, who obtained 
the following results. 

Theorem A. Let aj : D* — > R + be a radially Lebesgue integrable even function. Assume that 
f : D — > R is hemiintegrable on D and satisfies the approximate Jensen inequality (j3J). Then f 
also satisfies the approximate lower Hermite-Hadamard inequality (Q, where an '■ D* — > R is 
defined by 

(9) a H {u):= [ aj(\l - 2t\u)dt (u G D*). 

Jo 
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Theorem B. Let an : D* — > R + be an even function. Assume that f : D — >■ R is an upper 
hemicontinuous function satisfying the approximate lower Hermite-Hadamard inequality (Q. 
Then f satisfies the approximate Jensen inequality ([5]) where aj : 2D* — > R + is a radially 
increasing nonnegative solution of the functional inequality 

(10) ! a,j(2tu)dt + a H (u) < a,j(u) (u G D*). 

Jo 

The main new results of Section 2 are the following two theorems that are analogous to 
Theorem [A] above. 

Theorem 1.1. Let aj : D* — > R be radially bounded, measurable and p : [0, 1] — > R + be a 

Lebesgue integrable function with J* p = 1. Assume that f : D — > R is hemiintegrable and 
approximately Jensen convex in the sense of ([5]) . Then f also satisfies the approximate upper 
Hermite-Hadamard inequality ([7j) with X := J* tp{t)dt and an '■ D* — > R defined by 

oo „i 

(11) a «( u ) : =J2^ aj(2dz(2 n t)u)p(t)dt (ueD*), 



where, for s6l, d%{s) := dist(s, Z) = inf { | s — k\ : k 6 Z}. 
Theorem 1.2. Let aj : D* — >■ R + 6e radially increasing such that 



(12) 5Z^(^) <0 ° 

n=0 



// / : D -)■ R is upper hemicontinuous and aj- Jensen convex on D, i.e., ([5]) holds, then f also 
satisfies the Hermite-Hadamard inequality ([7]) u>z£/i A := J^tp(t)dt and an '■ D* — > R is defined 
by 

oo „i 

(13) a H (u):=J2^j(^) d z {2 n t)p{t)dt (u e D*). 

?1=0 ^ 

The main result of Section 3 is the following theorem which corresponds to Theorem IB1 above. 

Theorem 1.3. Let an '■ D* — >■ R be even and radially upper semicontinuous, p : [0, 1] — > R + be 
integrable with p = 1 and there exist c > and p > such that 

(14) p(t) < c(- In |1 - 2t|r x (* G]0, |[U]i, ID, 

and A G [0, 1]. T/ien every f : D — > R lower hemicontinuous function satisfying the approximate 
upper Hermite-Hadamard inequality (J7|), fulfills the approximate Jensen inequality ((5j) provided 
that a j : -D* — >■ R a radially lower semicontinuous solution of the functional inequality 

(15) aj(u)> [ aj{\l-2t\u)p(t)dt + a H (u) (u G D*) 

Jo 

and aj(0) > a^(0). 

In Section 2, implications from inequality ([5]) to ([7]) will be investigated. 

A weaker form of Theorem 11.11 could be deduced from the following result which was obtained 
by the authors in [IB] . 
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Theorem C. Let aj : D* — > IR + be radially bounded and even. Then, an upper hemicontinuous 

function f : D — )■ R is a j- Jensen convex on D, i.e., (jSJ) holds if and only if 

(16) 

^ a J (2d Id (2 n t)(x - y)) 
f(tx + (1 - t)y) < tf(x) + (1 - t)f(y) + £ ~ \! — (x,yeD,te [0, 1]). 

n=0 

In the proof of Theorem 11.11 we will directly derive (J7J) from (jSJ) under more general circum- 
stances. 

To deduce Theorem 11.21 the following result of Jacek and Jozef Tabor [27] will be used. 

Theorem D. Let ctj : D* — > R + be radially increasing and even such that, for all u G D* , 
Yl^Lo a j{^~ nu ) < 00 ■ Then, an upper hemicontinuous function f : D — > R zs aj- Jensen convex 
on D, i.e., (j3J) /ioWs and on/y z/ 
(17) ' 

oo 

+ (i _ t )y) < tf(x) + (1 - t)f(y) +J22aj(^p)d z (2 n t) (x,yeD,te [0, 1]). 

n=0 

In the particular case when aj is a linear combination of power functions, we also deduce some 
consequences of Theorem 11.11 and Theorem 11.21 For this aim, we will have to recall two different 
notions of Takagi type functions. For q > 0, define the functions T q : R — > K and S q : K — > R by 



(2<i z (2"i))" ~ <fe(2»i) 



(18) T q{x) :=j:^^, 



2«g— 1 

ra=0 " n=0 



X G 



They generalize the classical Takagi function T% = S\ = T in two ways. It is more difficult to 
see that T2 = 5*2 is also valid. These functions have an important role in approximate convex 
analysis. 

The importance of the functions T q introduced above is enlightened by the following result 
(cf. [H], j 15 j . [11] , |12| ) which is a generalization of the celebrated Bernstein-Doetsch theorem 

®- 

Theorem E. Let X be a normed space, q > and a > 0. Then a locally upper bounded function 
f : D — > M. is (a, q)- Jensen convex on D, i.e., 

f fx + y\ f(x) + f(y) 

f[-^—)< = + a F-^/ll {x,yeD), 

if and only 

(19) /(te + (1 - t)y) < tf(x) + (1 - t)f(y) + aT q (t) \\x - yf (x, y G D, t G [0, 1]). 

The other Takagi type function 5 g was introduced by Tabor and Tabor. Its role and importance 
in the theory of approximate convexity is shown by the next theorem 



Theorem F. Let X be a normed space, q > and a > 0. Then a locally upper bounded function 
f : D — > R is (a, q)- Jensen convex on D, i.e., 

fx + y\ f(x) + f(y) 

f\-^—)< 7, + a\\x-y\\ q (x,yeD), 

if and only if 

(20) f(tx + (1 - t)y) < tf(x) + (1 - t)f(y) + aS^f) \\x - y^ (x, y G D, te [0, 1]). 
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In view of the results in the papers [18j and [19], the error terms in (TT9]) and (120]) are the best 
possible if < q < 1 and 1 < q < 2, respectively. 

In Section 3, for every parameter p > 0, we define a class of functions, denoted by A 
certain convolution-like operation is also introduced in IJ P >o an< ^ ^ s properties are described 
in Propositions 13 . 1H3. 51 These tools will be instrumental in the proof of Theorem II .31 which will 
be carried out in several steps. Finally, when the error function an is a linear combination of 
power functions, we will also deduce some corollaries of Theorem 11.31 



2. From Jensen inequality to Hermite-Hadamard inequality 
The following statement will be essential to obtain our first main result, Theorem ll.il 

Proposition 2.1. Let p : [0, 1] — > R + be a Lebesgue integrable function. Then, the function 
ip : [0, 1] -> R defined by 

oo 2 n — 1 

(21) ^(*) = 5E^(E^)) (^M), 

n=0 k=0 

is a nonnegative integrable solution of the functional equation 

(22) = m) - m 

Furthermore, 

1 rl rl rl r\ rl 



(23) / ip = / p, / ip = / ip(t)«ft and / ^ = / (1 - t)p(t)dt. 
Jo Jo J\ Jo Jo Jo 

Proof. Define the sequence ip n : [0, 1] — >■ R, by 

(24) ^o := |p, M$ ■= \p{t) + |(^n-i(|) + V>n-l(^)) (t e [0, 1], n G N). 
Then the sequence (ip n ) is nondecreasing, i.e., 

(25) < ^n-i < i>n, and / = 0TO+1 / P (n G N). 

We prove (125|) by induction on n G N. For n = 1, by the definition of ipi and the nonnegativity 
of p, for t G [0, 1], we have that 

Mt) = \ P (t) + |WI) + ^o(f)) = ~p(*) + ~(p(I) +p(¥)) > \p{t) = Mt), 



and 



i ! ,1 



Assume that, for some n G N, (125]) holds and consider the case n + 1. By the definition of VVt-ii 
the inductive assumption and the nonnegativity of ip n , for t G [0,1], yields 

^ n+1 (t) = \ P {t) + +^ n (^)) > \p{t) + + = 
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Using the definition VWij the substitution s := ~ and s := ^i-, finally the inductive assumption, 
we get 

i f 1 if 1 , /i 2" +1 -i\ f 1 2" +2 -i [' 

Denote by L 1 [0,1] the space of Lebesgue integrable functions \ '■ [0, 1] Then L 1 [0, 1] is 

a Banach-space with the standard norm := j \x\- Now we prove that (ip n ) is a Cauchy 

sequence in L 1 ^, 1]. Using ( I25j) . for n < m, we get that 

1 2 m 2 n /" ' x ^ ' 



HVVn - V'nlll = ^ (V>m ~ V>n) = 2 » +m+1 J P < ^ ^ P, 

which implies that (ip n ) is indeed a Cauchy sequence. Hence it converges to a function ip G 
L 1 ^, 1]. To prove (I2ip . we show, by induction on n G N, that 

(26) VU*) = ^£^(£W)) (^M) 

i=0 fc=0 

holds. For n = 0, we have an obvious identity. Assume that (1261) holds some n G N. Using the 
definition of ipn+i and the inductive assumption, we obtain 

2 1 -! „ n , 2*-l 



+ g E h ( E + 5 E ? ( E * W 

i=0 fc=0 i=0 fc=0 

1 1 " 1 21-1 

\p® + ^£ 4^1 £ (p(^) + 

i=0 fc=0 

1 1 n 1 2< +1 -l n+1 2 4 -l 

^W + ^EpT E Pdft) = iEi7(E"(¥ 



i=0 fc=0 i=0 fc=0 



which proves ( J26|) . Thus, taking the limit n — )■ 00 in ( J26|) . we obtain ( }2~Tj) . 
To prove the first expression in ( 1231) . integrate (1221) on [0, 1], then we get 



2 



„=*/ ,_»^5^ 2/ ,_ (/ , + / , HM , 







To prove the second expression in (123]) . multiply (1221) by t and integrate it on [0, 1]. Thus we get 

/ tp{t)dt = 2 I tif>(t)dt-([ / ^{^)dt) +]: I ipC-f)dt 

Jo Jo Wo Jo / 2 J Q 

tip{t)dt - 2 ( sip(s)ds + [ sip(s)ds^j + / ip = I if). 



= 2 

The last equality in (1231) is a consequence of the first and second equalities. □ 
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Proof of Theorem By Proposition 12. 1] the function ip : [0,1] — > IR + defined by (1211) is a 
Lebesgue integrable function satisfying the functional equation (122]) for which (123]) holds. 

Let / : D — > K. be an approximately Jensen convex function. Let x, y G -D be arbitrary fixed. 
Then, by approximate Jensen convexity of /, we have that 



f(tx + (l-t)y)< 



m x+{ i-2t) v)+ m +aj(2t{x _ y)) ((eM])j 

/W+/((2f - 1 )x + (2-2 fW +aj((2 _ 2t)(i _ j/)) ^ 



Multiplying the above inequality by 2ip(t), taking the integral over [0, 1], we get 



^ i 
/ f(tx + (1 - t)y)21>(t)dt < [ 2 (f(2tx + (1 - 2t)y) + f(y) + 2aj(2t(x - y)))l>(t)dt 
(27) Jo 1 Jo 

+ ! (f(x) + f((2t - l)x + (2 - 2t)y) + 2a., ((2 - 2t)(x - y))^(t)dt. 



Substituting £ := | and t := ^ in the first and second terms on the right hand side of (1271) . 

using ( 1231) . and observing that 2dz(t) = min(2£, 2 — 2t), we have that 

(28) 

i 

f(2tx + (1 - 2t)y) + /(y) + 2«j(2t(x - y))h(t)dt 



f(y) I (l-t)p{t)dt + l [ f{sx + {l-s)y)il>(%)ds + 2 I ' aj(2d z (t)(x - y))il>(t)dt, 



2 jo 

f(x) + f((2t - l)x + (2 - 2t)y) + 2o,((2 - 2t)(x - y)))^(t)dt 
= f(x)f tp(t)dt+l [ f(sx + (l-s)y)^C-r)ds + 2 [ aj (2d z (t)(x - y))if>(t)dt. 



ii 2 j 



2 



Combining (127]) and (128]) . we get that 



f(tx + (1 - t)y)p{t)dt = J f(tx + (1 - t)y) (2^{t) - ^(|) - |^(^))^ 

</(rc) / tp(t)dt + f(y) [ (l-t)p(t)dt + 2 [ aj(2d z (t)(x-y))ij(t)dt. 
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To complete the proof, it remains to show that the last term containing ip equals — y). 

Indeed, applying formula (}2~Tj) and the 1-periodicity of the function d%, we get 

ll 2 " _1 
i,. ' 

n=0 fc=0 

2 n -l -i 



aj(2d z (t)(z - y)) - ^ - ( J2 P^) dt 

n=0 k=0 

oo 2 n -l „i 

= E^(E/ «j(24z(*)(*-v))p(^)* 



n=0 A:=0 
oo 2 n -l ,*+! 



1 / / 2 n \ 

E & ( E r k «j(2^(2"a - *)(* - y))p(a)<fc) 

n=0 A:=0 S 75 " 

oo „i 

EoW aj( 2 dz(2 n s)(x-w))p(s)ds = a H (x-w), 

n-n ^ ^0 



n=0 

which proves the statement. □ 

The other form of the error function an stated in Theorem 11.21 can be obtained by using 
Theorem ID1 by Jacek Tabor and Jozef Tabor [27J. 

Proof of Theorem II . £1 If / : D — > R is upper hemi continuous and a j- Jensen convex on D, then 
(TT7|) holds. Multiplying this inequality by p{t) and then integrating with respect to t over [0, 1], 
( 1T3|) follows immediately. □ 



Let X be a normed space. Next, we consider the case, when aj is a linear combination of the 
powers of the norm with positive exponents, i.e., if aj is of the form 



aj(u) := J \\u\\ q dpj(q) (u G D*), 



(29) 

]0,oo[ 

where pj is a nonnegative Borel measure on the interval ]0, oo[. An important particular case is 
when fij is of the form Yli=i c i^qii where q G M+, q% > and 8 qi stands for the Dirac measure 
concentrated at q{ for i G {1, . . . , k}. 

Theorem 2.2. Let p : [0, 1] — > R + 6e a Lebesgue integrable function with J p = 1 and let pj be 
a signed Borel measure on ]0, oof such that 

\\u\\ q d\iij\(q) < oo (ite-D*). 

]0,oo[ 

Assume that f : D — > R zs hemiintegrable on D and is approximately Jensen convex in the 
following sense 

f fx + y\ f(x) + f(y) f 

(30) f[-^—)< ^ + / If-2/H {x,yeD). 

]0,oo[ 

T/ien / a/so satisfies the approximate Hermite-Hadamard inequality 

(31) ' 



/(te + (1 - t)y)p(t)dt < Xf(x) + (1 - X)f(y) + J J T q (t)p(t)dt\\x - y\\*dnj(q) ^4 

]0,oo[ 

witt A := J* tp(t)dt. 
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Proof. It is easy to see that aj defined by (129]) is radially bounded and measurable. Thus, by 
Theorem II. 1] it is enough to compute the error function an defined by (ITT]) . Hence, using (ITT]) . 
(129|) . Fubini's theorem and Lebesgue's theorem, we obtain 



<y,H\u 

n=0 



) = E^/ / \\(2dz(2 n t)u)\\^j(q)p(t)dt 

]0,oo[ 

00 (2d (2 n t)) q f f 1 

E on P{t)dt\\u\\^j{q) = / / T q {t)p{t)dt\\u\\*dpj{q) (u G D*), 

„-n A J JO 



]0,oo[ n ~° ]0,oo[ 




which completes the proof. □ 

Theorem 2.3. Lei p : [0, 1] — > M + 6e a Lebesgue integrable function with L p = 1 and /et /ij 6e 

a nonnegative Borel measure on ]0, 00 [, sfic/i that 



(32) 

]0,DO[ 

and 
(33) 



J \\u\\ q dp,j(q) < 00 («£ D*) 



/2 q 
^— jdfij(q) < 00. 



]0,oo[ 



Assume that f : D — > K upper hemicontinuous and approximately Jensen convex in the sense 

of ( 130]) . T/ien / a/so satisfies the following approximate Hermite-Hadamard inequality 

(34) 

ff(tx + (l-t)y)p(t)dt<Xf(x) + (l-X)f(y)+f [ S q (t)p(t)dt\\x - y\\ q dp,j(q) (x,y G D), 
Jo J Jo 

]0,oo[ 

with X := Ltp{t)dt. 

Proof. Consider the function aj defined by (]29]) . Then, for all u G D*, the mapping t h-> 
ctjitu) = f t q \\u\\ q dp,j(q) is increasing on [0, 1] and, for all ii G -D*, 

]0,oo[ 

E°j(^)=E / H2^II^M?)= / 2^Tilkll 9 ^(?)- 

n=0 ra =0i r , r i n r 

If ||w|| < 1, then the latter series is convergent in virtue of ( 133]) . For ||w|| > 1, we have 

r 21 f 2 q f 

]0,oo[ ]0,1] ]l,oo[ 

which proves the convergence condition (fT2]) . Thus, by Theorem 11.2] it is enough to compute 
the error function an defined by (TT3]) . Hence, using (ITS"]) . (129]) . Fubini's theorem and Lebesgue's 
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theorem, we obtain 

00 r II II /•! 



a H (u) = J2 2 / / d z (2 n t)p(t)dt 

n= ° ]0oo[ ° 

= j [fl d -^^P^ dt \\n\\ q diij{ q )= J £ S q (t)p(t)dt\\u\\^j( q ) (ueD*), 



]0,oo[ n ~° ]0,oo[ 

which completes the proof. □ 

Now we consider the case in the previous theorems when p = 1 and the measure pj is the 
Dirac measure aS q . 

Corollary 2.4. Let a G IR + and q > 0. Assume that f : D — >■ IR zs hemiintegrable and satisfies 
the following approximate Jensen convexity inequality 

( 35 ) /(^^— J < g + (x,yeD). 

Then f also satisfies the following approximate Hermite-Hadamard inequality 

(36) /' /(*x + (1 - t)y)tft < f(X) t /(?/) + -^tIN - V\\ q (x,V*D)- 
Jo 2 q + 1 

Proof. The conditions of Theorem 12.21 hold with p = 1 and pj := a5 g , Then (130]) holds by (135]) . 
hence to prove the statement, it is enough to compute the error term in fl3Tl) . Using the definition 
of the T q , the substitution s := 2 n t and the 1-periodicity of we get 

1 /■! / OO (r, 1 (r,n+\\1\ 00 00 ri 00 OO /-2 



n=0 " u n=0 
y,2^/ (|) 9+1 (|) g+1 \ _ 1™1 2 

^2"Vo + l + fl + lj~fl+1^2"~(i + l 

n=0 * * * n=0 H 



[u e D* 



Thus, ( 13T1) reduces to ( 1361) . which proves the statement. □ 

Corollary 2.5. Let a G M + and q > 0. Assume that f : D — > M. upper hemicontinuous and 
satisfies the approximate Jensen convexity inequality (l35l) . 27ien / a/so satisfies the following 
approximate Hermite-Hadamard inequality 

(37) jT 1 /(te + (1 - f)i/)d* < M±M + | )a . _ y ||« (x , y G 2j). 

Proof. The conditions of Theorem 12.31 are satisfied with p = 1 and /ij := a<5 g , Then (130]) holds 
by (135]) . hence to prove the statement, it is enough to compute the error term in (1341) . Using the 
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definition of the S q , the substitution s := 2 n t and the 1-periodicity of d%, we get 

^(t)^ = / £ -§b=r *=E^i / ^( 2n *)* = E / 

^ Vn=0 ^ / n=C) ^ n=C) J ° 

E^T/ d ^ s ) ds = H^l[ sds+ (l-s)ds) 



y> 1 1 

/ / Ono-1 zL _ 9 / / 9"<? 



2 9 

2«9-i 4 2 ^ 2^ ~ 2<? +1 - 2 

n=0 n=0 

Thus, (134)) reduces to (137|) . which completes the proof. □ 



Remark. The constants in the two error terms obtained in (136|) and (1371) are comparable in the 
following way: for q G]0, 1[U]2, oo[, 



2 2 q 

< 



q+ l 21+ 1 - 2 
and the inequality reverses for q g]1, 2[. 

3. From Hermite-Hadamard inequality to Jensen inequality 
For p > 0, define the class of functions $ p by 

$ p := < 9? :]0, 1[— ?■ R I y? is Lebesgue measurable and |||y?|||p := sup | lnt| 1-:P |<y9(t)| < 00 >. 

' ' te]o,i[ ' J 

In the sequel, T denotes Euler's Gamma function. 
Proposition 3.1. For all p > 0, the elements of Q p are Lebesgue integrable functions and 

(38) IMK = f \<p(t)\dt < r{p)Mp (<p e %)■ 

Jo 

Proof. Let p > and ip G $ p . From the definition of $ p , we get that 

\<p{t)\<i<pu-totr- 1 (tG]o,i[). 

Thus, with the substitution s = — hit, we get 

/*1 /*1 /*oo 

/ |y(t)|dt < IMIp / (-Inty^dt = y\l P / s^e-'ds = T{p)y\\ p < oo, 
Jo Jo Jo 

which proves the integrability of (p and (1381) . □ 
Proposition 3.2. For p, q > and G t/> G <& 9 , £ae function tp *ip defined by 

{<p*m)--= f frdwwdr (tG]o,i[). 



is continuous on the open interval ]0, 1[, belongs to § p + q and 

r(p)r( g ) 
r(p + q) 

Furthermore, 



(39) llk^lU<T^^II^ P „r „,„. 



(40) / (p*V)= I <P f 1>. 



Jo 
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Proof. Given p, q > 0, it is well known that the function 

(41) r (1 - r) p -V-\ (re]0,l[) 

is integrable over [0, 1] and 

T(p)T(q) 



B(p,q) :-- 



1 - T^T^dT 



By the inclusions ip G $„, ^ G we have that 



(42) 



I^I^IMIU-lntr 1 



and 



T(p + g) ' 



1 - r)* - V^dr < 



lnt)P+«- 1 + 1' 



To prove that <£> * -0 is continuous at t G]0, 1[, let e > 0. By the integrability of (1411) . there 
exists p G]0, 1[ such that, for every measurable subset T C [0, 1] with meas(T) < p, 

(43) X 

Define the function </? :]0, oo[— >■ R by 

£(ar) := ¥>(e - *). 
Then, by the first inequality in (1421) . we have that 

< jipfp (x G]0, oo[). 

Applying Luzin's theorem for the bounded measurable function x h- >■ x 1_p £>(x), we can construct 
a measurable set H C]0, oo[ and a continuous function / :]0, oo[— > R such that 

(44) meas(]0,oo[\g)< ( ~^ t)P , 71 5 = and \f(x)\ < IMI^ 1 (^G]0,oo[). 
Now define / :]0, 1[— >■ R and H C]0, 1[ by 

f{t) := /(-hit) (te]0, 1[) and H:=exp(-H). 
In a view of (l4"4"|) . we get that 

(45) f\B = <p\H and |/(t)| < |||^||| p (- lnt)^ 1 (te]0,l[). 

By the continuity of the logarithmic function, there exists 5 G]0,min(t, 1 — t)[, such that, for all 

s e]t-S,t + S[, 



(46) MlUU-HsW^-^M 

For s G]0, 1[, we have 

\((p*4>)(t) - (<p*i))(s)\ 

(47) 



:-Ht)) 



p+q-l 



1 

6 



and 



In s 



< P- 



< 



1 ,„/ i 





-¥>(?) 1 






J s 


-^(f)l 



Consider first the case s G]t — 5, t[. The second inequality in (146]) implies that the measure of 

In* 
Ins' 



the interval T :=Itt4, 1[ is smaller than p. Thus, inequality (|43|) holds with this set T. Therefore 
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for the first term on the right hand side of (l4"Tj) . using the estimates ( H2|) . substituting r = s a , 
and using the first inequality in (14*6]) . we get 



^{^{r)\dr< MpMiJ ianr-lnsr^-lnr)^ 1 ^ 
(48) < MpWU- ln s)^ 1 / (1 " V^Ma 



In t 
111 s 



Q\M P U\\ q (-\nt)p+^ + i 6' 

To obtain an estimate for the second term on the right hand side of (JJ7J) (when s < t), we use 
<p(x) = f(x) for x G H and obtain 
(49) 

1 iw$) - <pw\Mr)\dT < f t \(H^ - fi$\ + \m - m\ + \m - ^1)1^)1^ 

^l^tH- 1 ]t,l[ fclWsH- 1 

The first inequality in (144")) and the second estimate in (14*6!) imply that, for s e]t — 5, i], 

(50) meas(]0,l[\(l + (ln S )- 1 #)) = (- ln s)" 1 measQO, - ln s[\H) < < P ^ + ^ < p. 

v 7 2 ln s 2 

Thus ([43]) holds with T :=]0, 1[\(1 + (In s^H). Using ((42]) and (ggj), then substituting r = s CT 
and finally applying inequality (|43|) . we get 

/ " <pW\MT)\dT < J + \<p($\)MT)\dT 
]t,l[\sH-l- Is.l^si^- 1 

<2|MIUM« g j^r-^sf-'i-^ry-'dr 

(51) IMH" 1 

< 2|I^||| p |||Vim- In sf^- 1 j (1 - a) p - 

]0,l[\(l+(lns)- 1 -ff) 

2|||y||| p |||^||| g (-ln g )^- 1 £ f 

- ei^H^m-int^ + i 3' 

Applying this inequality for s = t, we also get 

(52) /j|/(f)-v(f)|lV'(r)|dr<|. 

]t,l[\tiT-l 

Consider the second expression on the right hand side of ( 14*91) . We prove that 

(53) U T _Jm i r)-m)\mr)\dr = 0. 

}t,i[ 

By the continuity of /, the integrand pointwise converges to zero hence, in view of Lebesgue's 
dominated convergence theorem, it suffices to show that the integrand admits an integrable 
majorant which is independent of s G]t — S,t[. 
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Using the inequality (H2l) and (1451) . we get that, for all r G [t, 1[ and s g]£ — 5, t[, 
i|/(|)-/(f)|Wr)|<i(|/(f)| + |/(^)|)|V(r)| 

< lllv?lllp ^ lllg ((In r - In t)^ 1 + (In r - In s)^ 1 ) (- In r) 9 " 1 . 

Now there are two cases. If p < 1 we have that the function s h- >■ (lnr — In s) p_1 is nondecreasing, 
hence 

(lnr-lns)^ 1 < (lnr-lnt)^ 1 (r G [t,l[, s e]0,t]). 
This means that, in this case, 



" /(7)|l^(r)| < 2|b 7" y "" (lnr - lnt)^- lnr)"- 1 (r G [t, 1[, 5 e]0,f]). 

Moreover, the right hand side is integrable with respect to r because, with the substitution 
t = t a , it follows that 



(54) 



J i(]nT-]nt) p - 1 (-:inr)«- 1 dT= (- lnt) p+ "- 1 J B(p, g) < oo. 



When p > 1, then the function s H- (lnr - lns) p 1 is decreasing, hence 

(lnr-lns)^ 1 < (Iht - La(t - <y)) p-1 < (- ln(t - (r G s e]t-5,t}). 

Thus, in this case, for all r G [t, 1[, s E]t — 5, t], 

i\f(i) - m\Mr)\ < MMl ((lnr - m*)*" 1 + (- baft - flr 1 )^ lnr)"' 1 . 
Again, the majorant is integrable because (I54p holds, and (substituting r = t c ) 

j ^(-ln(t-S)) p - 1 (-lnr) q - 1 dT = (-ln(t-8)) p - 1 J ±(- In r^Mr 

= (-lnft-^y^-M^l^) < oo. 

Therefore, Lebesgue's Theorem can be applied and hence f )53|) holds. Thus there exists 5* G]0, 5], 
such that, for all s e]i — 5*, £[, 

(55) /j|/(J)-/(?)|l^(r)|dr<|. 
Combining the inequalities (gZD, (j48]), (J49j) , (EI]), (l52l). and (l55l). we get 

which proves the left-continuity of tp * tp at t. 

To prove the right- continuity of (p*i/i at £, we apply (I47jl for s G]i, t + 5[. The second inequality 
in pfij) implies that 

P_ 



m eas(]^,l[)< T ^-<p. 



Thus, inequality (|43p holds with the interval T :=] 1[. Therefore, for the first term on the 
right hand side of (I47p (using the estimates (T42|) . and substituting r = £ CT in the evaluation of 
the integral), we get 

(56) J' i\<p{i)\MT)\dT < 1. 
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To obtain an estimate for the second term on the right hand side of (JJ7J) (when t < s), we use 

<p(x) = f(x) for x e H and obtain 

(57) 

JjMi) -<p(i) 11^)1^ < jf KM*) - + 1^(9 " + l/K) - ^)l)l^)|dr 

< /JKJ)-/(9|I^)I^+ j 1 -\f^)-f{- T )\mr)\dr+ fi\f(*)-<p(*)\MT)\dT. 

]s,l[\tH-l ]s,l[ ]s,l[\sH-i 

Applying an analogous argument as before, for s e]i, t + 8[, we can obtain the estimates 

(58) J Mi) ~ <P(i)\Mr)\*T < | and /j|/(?)~^)llV'(T)|dr<|. 

Consider the second expression on the right hand side of (157|) . We will prove that 

(59) S S% I Wr)|dr = 0. 

First, with the substitution r = cr^, for s g]£, t + <5[, we can obtain 

/7M)-/(f)N*r=^ /j|/(to-fef)-/( a r7-fef)||^(afef)|da 



(60) 



By the continuity of / and the local boundedness of ifi (which is a consequence of the inequality 
f H2]) ). the integrand on the right hand side of fl60|) pointwise converges to zero as s — > t + Q, hence, 
in view of Lebesgue's dominated convergence theorem, it suffices to show that the integrand 
admits an integrable majorant which is independent of s £]£, £ + 5[. Using the inequality (|42p 
and f H5|) . we get that, for all r £ [t, 1[ and s £]£, t + 5[, 

1|/ In s \ / In s \ I I / In s \ I 

f\f{ta **) - / (so- mt)||^(o-in*)| 

< IIMUM, J (( - In (ta^))- 1 + ( - In J)*" 1 ) ( - In 

Since s (->■(— 1b s) 9_1 is monotone on ]0, 1[, therefore, for s G]i, t + <5[, we have 

( - I" = t^) 5 "' < max {1, (^J^Jf- In,)-'. 

Similarly, for s e]i, t + S[ and a G]t, 1[, we get 

(l£M)^ 1 (_l nt + l na )p-i if p < 1, 



( - In (sa-fet))^ 1 = (|f ) P ^(- hit + lna)^ 1 < 
and 

( - In (ta-fef))^ 1 = ( - hit + ^) P_1 < 



lnt + lna)^ 1 if p > 1, 

-hit + lna) p - 1 ifj9<l, 
-lnt)^ 1 if p > 1. 
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Combining these inequalities, for s G]t, £ + 5[ and a G]t, 1[, we obtain 

i I / _ In s \ t In s \ I I r In s \ i 

~\f{ta in*) - f(sa ■»t)||V»(<TJ»«)| 

l^lll P III^IIU(l+ (^l^ 1 )^ 1 ) max{l,(l^)' ? - 1 }i(-lnt + ln CT )^(-ln C r)^ if> < 1, 
IMUHI, max {1, (^r 1 )"- 1 } i ((- lnt + In a)^ + (- In tf^)(- In a)^ 1 if p > 1. 

It is easy to check (by substituting a = t T ) that the function on the right hand side of this 
inequality is integrable with respect to a over ]t, 1[. Therefore, Lebesgue's Theorem can be 
applied and hence ([59]) holds. Thus there exists 5** e]0,S*], such that, for all s e}t,t + 8**[, 



< 



j- T \f( l T )-f(- T )\mr)\dr< £ -. 



(61) 

]s,l[ 

By summing up the respective sides of the inequalities ( l56l) . ( IBTl) . ( !58l) . and ( IBTl) . for all s G 

]t,t + 5**[, we get 

|(p*V0(*) - {<P**/>)(s)\ < e, 
which completes the proof of the right-continuity of tp * ip at t. 

To prove ( I39p . let t G]0, 1] be fixed. Using (|42|) and substituting r = £ s , we get 



r J|^)|Wr)|dr< flMUtVlU rK-MDr^-lnr)^ 

Jt 

Jo 

which proves the inclusion if * ip G & P + q and the inequality (139]) . 

In the proof of ( HO"]) first we use Fubini's theorem and then the variable t/r is replaced by s: 

(^»^)(t)dt= T f ^{^{r)drdt = I [ T ^(^(r)dtdr 
Jo Jt Jo Jo 

1 ^(r) (i ^ <p£)dt) dr = J 4>(r)dT J <p(s)ds. 



□ 

Lemma 3.3. Let p > be arbitrarily fixed, then, for all x G R, 
(62) lim = 

n->oo 1 (rip) 

and t/ie convergence is uniform on every compact interval o/R. 

Proof. To prove the lemma, we will show that the series r(np) * s conver g en t on ^> Using 
Cauchy's root test on this series and the Stirling formula for the T function, we get that 



, \x\ n ,. \x\ .... 1 , ,. e p 2 v/np 
hm \ — ; — - = lim — , = \x\ hm — — = \x\ hm - , : = 0. 



n— >oo 



T(n P ) rwoo ^r(np) n rj=—— ra^oo 2 ^( n p)P 



I £7T / lop i ra p 

np \ e 



This means that the series is absolute convergent on R and hence the convergence is uniform on 
compact subsets of R, which yields the statement. □ 



( 64 ) fn e $„ p , llVnllnp < -p7 — r- Ilk lip) / ¥>» = ( / 



1 / /■! \ « 
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Proposition 3.4. Let p > and ip G $ p . Define the sequence <p n :]0, 1[— >■ R t/ie recursion 
(63) := V, y? n+ i := y? * y9 n (n G N). 

Then, for all n G N, 

r(rap) 
and, /or a// s G]0, 1[ ; 

(65) lim Vn(s) = 

furthermore, for all 5 G]0, 1[, the convergence is uniform on [5, 1[. 

Proof. By the definition of (pi, (161]) holds trivially for n — 1. Assume that (1641) is valid for some 
n. By Proposition 13.21 and the inductive assumption, <p n+ i = <p * (p n G Q p + np , 

T(p)T(n P ) (r(p)r „ (r( P ))" +1 „, +1 

||K + l|||(n + l) P < T{{n + 1)p) WM<P^n P < T{{n + 1)p) \M\ Pl ^-\M\ P ~ T{{n + 1)p) \M\p > 

and 

1 rl rl rl rl , rl - „ , /■! \ n+1 



'o ./o ./0 Jo v </o 

which proves (164]) for n + To prove (165|) . choose no such that n p > 2 and let 5 G]0, 1[. Since 
the Gamma function is increasing on the interval [2, oof, by (164]) . for all n > Uq and s G [5, 1[, 
we have 

(T(r>)) n+n ° 

l¥Wno(s)| < l^olkn+^C-lns)^" ^ 1 < r ( (n + no)p) llyll ^ +W ° ( ~ ln8)(W+WO)P " 1 



(r(«)(-lns) p |MLV 



(( . 6) " P r((n + n )n) 



< (-in<y) nol '- 1 r(p) Bo |^|s o 



T(np) 

(r^x-in^iMy' 



" p V(np) 

Letting n — > oo in (166]) and using Lemma [3.3[ we get (165]) . The estimate ( 166]) also ensures the 
uniformity of the convergence on the compact subsets of ]0, 1]. □ 

Proposition 3.5. Let g : [0, 1] — >■ R &e an upper bounded measurable function which is upper 
semicontinuous at 0. Let p > 0, <p G $ p fre a nonnegative function with <p = 1 and define the 
the sequence (p n :]0, 1[— >■ R by (163]) . Then 

(67) limsup / g(s)ip n (s)ds < g(0). 

n— >oo Jo 

Proof. Let e > 0. If a is upper semicontinuous at 0, then there exists 5 g]0, 1[, such that 

(68) g{s)<g{0) + e - for all s e]0,S[, 

and, by the upper boundedness, there exists K > max(0, —g(0)), such that 

(69) 9{s)<K (sG[0,l]). 
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By Proposition 13. 4[ lim n _ >00 y9 ra = and the convergence is uniform also on [5, 1[. Hence, there 
exists tiq G N such that, for all n > no, 

(70) ^(s)<^ (se[5,l[). 

Using the third expression (1641) and J* (p = 1, we have that 

(vi) J\ n= (j\y =1 . 

Applying ffTTI) and the nonnegativity of <£> n , we obtain 

/*1 /*<5 /»1 

(72) / g(s)<p n (s)ds - g(0) = (g(s) - g(0))<p n (s)ds + (g(s) - g(Q))<p n (s)ds 



To obtain an estimate for the first term of the right hand side, we use ( I68jl and f JTTj) . Then, for 
all nGN, 



(73) / (p(s) - g(0))ip n (s)ds < / -<p n (s)ds < - j (p n (s)ds } 



o 



Consider the second expression on the right hand side of (172|) . Then using (169|) and (170|) . we 
obtain, for all n > no, 

(74) y fo( a ) - «,(0)K(a)ds < J 2Kip n {s)ds < J 2K^ds = 1(1 - 5) < |. 

Combining the inequalities (1721) . (173|) and (174|) . we get that, for all n > n , 

g(s)tp n (s)ds - g(0) < e, 



which proves the statement. □ 

The proof of Theorem 11.31 is based on a sequence of lemmas. 

Lemma 3.6. Let an ■ D* — > R be even, p : [0,1] — > R be integrable and A G]0,1[. Then 
every f : D — > R lower hemicontinuous function satisfying the approximate Hermite-Hadamard 
inequality ([7]) ; fulfills 

(75) jf + ¥*) + /(¥* + ^)) p(¥) 2 P(¥) ^ 

< /(ar) + /(y) + 2a ff (ar - y) (x, y G D). 

Proof. Changing the role of x and y in (J3), then adding the respective sides of the inequality so 
obtained and the original inequality (JTj), by the evenness of an, we get that 

(76) / (f(tx + (l-t)y) + f((l-t)x + ty))p(t)dt<f(x)+f(y) + 2a H (x-y) (x,y e D). 



Replacing t by 1 — t in the integral on the left hand side of (176]) , it follows that 
(77) 

(/((I _ t )x + ty) + f{tx + (1 - t)y))p(l - *)dt < f(x) + f{y) + 2a H {x - y) (x, y G D), 
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hence, adding the respective sides of the inequalities (1761) and ( ITT}) , we obtain 
(78) 

f (/(to + (1 - t )y) + f((l - t)x + ty)) p{t)+ f- l) dt < f{x) + f(y) + 2a H (x - y) (x,y G D). 
Jo 

Finally, substituting t := in the integral on the left hand side of (ITS]) , we arrive at 



(79) ~ £ (/(¥* + ¥y) + /(¥* + ¥*)) " m t " (V } rfg 

< /(*) + /(y) + 2c^(z - y) (x, y G -D). 

Since the integrand on the left hand side of (1T9|) is even, this inequality reduces to (1751) . which 
completes the proof of the lemma. □ 

In what follows, we examine the Hermite-Hadamard inequality (J75J . 

Lemma 3.7. Let p : [0, 1] — > R + be integrable with Jq p = 1 and there exist c > and p > 
such that (JTI]) ao/ds. Define <p :]0, 1[— )■ R fry 

(80) »>(«) := ^)+^) (sg]0,1[). 

TTien 99 e $ p and f Q (p= 1. 
Proof. Inequality (1140 results that 



poo = p(1 ^)+ p tV) < c(-i ns r i ( S g]o, id, 

which proves <p G $ p . The equality cp = 1 is an automatic consequence of the assumption 
JoV = l. □ 

Lemma 3.8. Let p, q > and </? G $ p , ip E § q be nonnegative functions. Let a : -D* — > R and Ze£ 
/3 : D* — y R fre a radially upper semicontinuous function. Assume that a lower hemicontinuous 
function f : .D — > R satisfies the approximate Hermite-Hadamard inequalities 

(81) y (/(l±£ x + l=£ y ) + /(l=£a; + ^y))^)^</(x) + /(y)+2 a (x-y) (x,y e D), 
and 

(82) y 1 ( / (i±^ x + i^ y ) +/ (l^ a; + l±£ y )^( s )d s < / ( x ) + / ( u ) + 2/3(x- 2 /) (x,yeD). 
Then f also satisfies the inequality 



J (/(¥* + ¥*) + /(¥* + ¥v)) * ^)( s ) rfs 



<f{x) + f(y)+2a{x-y) + 2 /3(t(x - y))<p(t)dt (x,y G £>). 



(83) 



Proof. Assume that / : D — >• R satisfies the inequalities (18"T]) and (|82|) . To prove (183 p . let x,y £ D 
be fixed. Applying ( 1821) for the elements ^x + ¥^> ¥ x + ^y G -D, we obtain 

< /(¥* + ¥*/) + /(¥* + ¥?/) + 2/3(*(a: - y)). 
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Multiplying this inequality by (p (t) and integrating the functions on both sides with respect to 
t on ]0, 1[, then using that / also satisfies (I8ip . we get that 

[fi^fLx + ^y) + f(^X + l±^y))^ S )ds V {t)dt 
JO J 

(84) <^ ^f{m x + l^ y ) + j(^ x + m y )^{t)dt + 2^ p(t(x-y))<p(t)dt 

< f(x) + f(y) + 2a(x - y) + 2 I 0{t(x - y))<f(t)dt. 

Jo 

Now we compute the left hand side of the previous inequality. Substituting s = j and using also 
Fubini's theorem, we obtain 

7(±f2z + l^ly) + f{l^s x + ±±?Ly))^(s)dsy{t)dt 



(85) 



o Jo 



J + ^y) + + ^y)) * V){r)dr 



. Combining (184"]) and f )85|) . the inequality (183]) follows, which completes the proof. □ 

Lemma 3.9. Let (p :]0, 1[— > R + be an integrable function and let : D* ~R be a radially upper 
semicontinuous. Then, the function 7 : D* — > R defined by 

(86) 7 ( u ) := / /3{tu)(p{t)dt (u G D*) 

Jo 

is also radially upper semicontinuous on D*. 

Proof. To prove that 7 defined by (1861) is radially upper semicontinuous at uq £ D*, let s ra — >• So 
be an arbitrary sequence in [0, 1]. We have that 

f3(ts n u ) < sup (3(tu ) =:K (te [0, 1], n G N), 

re[0,l] 

thus, i^yj is an integrable majorant for the sequence of functions t 1— >• (3(ts n Uo)ip(t). Using Fatou's 
lemma and the radial upper semicontinuity of /3, we get that 



limsup 7(s n «o) — limsup / /3(ts n uo)ip(t)dt 



< / limsup /3(ts n uo)ip(t)dt < / /3(tsoUo)(f(t)dt = 7 (soWo) ) 

JO n->oo JO 

which proves the statement. □ 

Lemma 3.10. Let p > 0, (p G $ p fre a nonnegative and an '■ D* — )■ R fre a radially upper 
semicontinuous function. If f : D — >■ R «s lower hemicontinuous and fulfills the approximate 
Hermite-Hadamard inequality 



(87) 



APPROXIMATE HERMITE-HADAMARD INEQUALITY 21 
then, for all n6N, the function f also satisfies the Hermite-Hadamard inequality 

(88) J^f(^ x+ l^y) + f^ x + l±i y )^ n ( s )ds<f(x) + f(y)+2a n (x-y) (x,y G D), 
where the sequences tp n :]0, 1[— > R + and a n : D* — > IR + are defined by (163]) and 

(89) ct\ = aii, a n+ i{u) = I a n (tu)cp(t)dt + an(u) (u E D*), 

Jo 

respectively. 

Proof. We note that, by Lemma 13.9} the sequence of functions (a n ) is well-defined and a n is 
radially lower semicontinuous for all n G N. 

Let x,y G D and p > 0. To prove (155]) . we use induction on n G N. For n = 1, we have ( 1H7|) . 
Assume that (155]) holds for n G N. Since <y? G $ p , by Proposition 13. 4] we have that ip n G 
The function / satisfies ( !H7|) and also ( 188]) . for n G N. Thus, in Lemma [3.81 (IHTj) holds with the 
functions and a := ai. Furthermore, by the inductive assumption, also in Lemma 13.8] (152]) 
holds with the functions ip := (p n and /3 := a n , for n G N. Hence the function / also fulfills the 
Hermite-Hadamard inequality (1531 . which results, 



< fix) + f(y) + 2a H (x -y) + 2 a n (t(x - y))tp(t)dt, 

Jo 

which is the case n + 1. □ 

Lemma 3.11. Let p > and <p G $ p fre a nonnegative function with f Q cp(t)dt = 1 and f : D — > 
M be lower hemicontinuous. Then 

(90) liminf^ 1 [f{^x + if y) + f(^x + ^y))<p n (s)da > 2/(^) (*,y G £>). 

Proof. To prove the statement, let x,y E D and p > 0. Define : [0, 1] -> 1 by 

: = f(^x + ±f%) + f(±*x + ±±%) (s G [0, 1]). 

The lower hemicontinuity of / implies that g x y is lower semicontinuous and hence lower bounded 
on [0, 1]. Thus, we can apply Proposition 13. 5\ for g := —g xy and (p G <& p , which yields that 

liminf / g xy (s)ip n (s)ds > g x>y (0). 

n->oo J Q 

This inequality is equivalent to (190]) . □ 

Lemma 3.12. Let p > and if G $ p be a nonnegative function, and an : D* — >• M &e a radially 
upper semicontinuous function. Then, for all n G N, £/ie function a n : -D* — >■ R defined by ( 1591 is 
radially upper semicontinuous and the sequence (a n ) is nondecreasing fnonincreasing] , whenever 
an is nonnegative [nonpositive]. Furthermore, if aj : .D* — >• R is a radially lower semicontinuous 
solution of the functional inequality 

(91) oij{u) > / aj(su)(p(s)ds + an(u) (u G D*), 

Jo 

then 

(Q2) limsup a n (u) < a j(u) - a j(0) + a H (0) {ueD*). 
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Proof. The statement about the radial upper semicontinuity directly follows from Lemma 13.91 

Assume first that an is nonnegative. We will prove by induction on n G N, that the sequence 
(a n ) is nondecreasing, i.e., 

(93) a n+l > a n (n G N). 

For n = 1, by the nonnegativity of «i = a#, we have that 

ot2{u) = I ot\{su)(p{s)ds + cxh(u) > aii(u) (u G D*). 
Jo 

Assume that (193]) holds for some n G N and consider the case n + 1. Using the definition of 
ct„ + i, the inductive assumption and the nonnegativity of a n , we get that 

a n+ 2(u) = / a n+ i(su)(p(s)ds + o:h(u) > / a n (su)(p(s)ds + a^(ti) = a n+ i(w) (it G D*). 
Jo Jo 

Analogously, if an is nonpositive, we can obtain that the sequence (a n ) is nonincreasing. 

To prove fl92|) . let aj : £)* — > R be a radially lower semicontinuous solution of ( l9Tj) . Subtracting 
the respective sides of the inequalities (19T1) from (1891) . for the sequence of functions g n := a n — aj, 
we obtain 

9n+i(u) < / g n (su)(p(s)ds (u G D*,ne N), 
Jo 

We obviously have that g„ is also radially upper semicontinuous. 

Iterating this inequality, similarly as in Lemma 13.81 and Lemma 13.101 it can be proved that 



(94) 



9n+i{u) < / gi{su)p n (s)ds (u G D*, n G N), 
Jo 



where tp n is defined by fl63|) . Taking the limsup as n — > oo in (I94"j) . by Proposition 13.51 we get 
that 

limsup5f„, + i(w) < limsup / g 1 (su)ip n (s)ds < g^O) = a H (0) - aj(0) (u G D*), 

n— >oo n— >oo Jo 

which immediately yields (1921) . □ 

Proof of Theorem \1.3[ Assume that the conditions of Theorem 11.31 hold and / : D — > R is an 
upper semicontinuous solution of ([7]). Then by Lemma [3.61 / a lso fulfills ( 1H7|) . where (p :]0, 1[— > 
R + is defined by flHUj) . Then, by Lemma [3.71 V 9 an d /o = !• Using Lemma [3.101 we get 

that (188|) also holds, where, for all n G N, a n : D* -> R is defined by (189|) . Since aj satisfies 
the functional inequality ([ToT) . thus applying Fubini's theorem, then substituting s := 1 — 2t and 
s := 2t — 1, we get that 

/•1/2 /•! 

«j(m) > / - 2t)u)p{t)dt + / a./((2t-l)u)p(t)dt + 

JO Jl/2 

= / aj(su)p(^-)\ds + / aj(sw)p(^jp)|<is + «//(«) 
Jo Jo 

f 1 ( ,p^1±p&1, , ( ^ C t w w . ^ 

Jo 2 Jo 
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which means that (l9Tj) also holds. Taking the liminf as n — > oo in (188|) . using also Lemma |3.11[ 
Lemma [3.121 and a^(0) < aj(0), we get that 

fx ~\~ y\ 

2f — — < f(x) + f(y) + 2 liminf a n (x - y) < f{x) + f(y) + 21imsupa n (x - y) 

\ Z / n->oo n-Hx 

< f(x) + f(y) + 2(aj(x - y) + a H (0) - aj(0)) < f{x) + f(y) + 2a,j{x - y). 

Hence (j3J) holds, which completes the proof of Theorem 11.31 □ 

In what follows, we examine the case, when X is a normed space and a# is a linear combination 
of the powers of the norm with positive exponents, i.e., if an is of the form 

(95) ol h {u) := J \\u\\ q dp H (q) (u G D*), 

]0,oo[ 

where pn is a signed Borel measure on the interval ]0, oo[. An important particular case is 
when hh is of the form z~2i=i c i^ga where ci, . . . , c& G M, qi, . . . , q^ > and 5 q denotes the Dirac 
measure concentrated at q. 

Theorem 3.13. Let p : [0, 1] — > M be integrable with J* p = 1 and assume that there exist c > 
and p > snc/i £/ia£ (TT4)) holds. Let A G [0, 1] and be a signed Borel measure on ]0, oo[ such 
that 



(96) 

]0,oo 

and 



J \\u\\ q d\p H \(q) < oo (ueD*) 



(97) / (l-|l-2t| 9 )p(t)^ d\p H \{q) <oo. 

]0,oo[ 

Assume that f : D R is lower hemicontinuous and satisfies the Hermite-Hadamard type 
inequality 

(98) / f(tx + {l-t)y)p(t)dt< Xf(x) + (1-X)f(y)+ j \\x-y\\ q dp H {q) {x,y G D). 



]0,oo[ 



TTien / a/so fulfils the Jensen type inequality 
(99) 



;(^)<M±M + | (J (i_|i_2t|-)p(t)dt) Ik-yll^Mg) (x, y £ D). 



]0,oo[ 

Proof. By Theorem 11.31 it suffices to show that the function 



J J ^ 2t\ q )p{t)dt S j \\u\\ q dp H (q) (ueD* 



aj{u) := 

]0,oo[ 

is well-defined and satisfies ([TSjl with equality where ajj '■ D* — > K is defined by 



:= y ||tt|| 9 d^_ff(g) (w G £>*) 



]0,co[ 
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To see that, for all u G D*, aj(u) is finite, we distinguish two cases. If ||w|| < 1, then \\u\\ q < 1 
for all q > 0, and hence, by assumption ([9] 



M«)l< J (l-|l-2t|")p(t)d^ dW(?)<oo. 

]0,oo[ 

Now let || tt || > 1. Then, the functions q i— )■ and 5 1— > (l — |1 — 2t| 9 )p(t)<it are increasing 
functions, hence 

|aj(w)| 

<||w|| J(J^(l-\l-2t\ q )p(t)dt S j d\p B \(q)+(J {l-\l-2t\)p{t)dtj J \\u\\ q d\/i H \(q), 

]0,1] ' ' ' ]l,oo[ 

which is again finite by conditions (1961) and ( I97jl . 

To prove that aj satisfies ( Fl5|) . using J p = 1, we compute 

/ aj(|l — 2s|«)p(s)cis + o;h(u) 
Jo 

= jf J (J 2t\ q )p(t)dt\ \\\l-2s\u\\ q dfi H ( y q)p( y s)ds + y |M| 9 d// H 

]0,oo[ ]0,oo[ 

= / ( ffa-WPW* + A \\ u \\^ H (q) = [ -T- dp H {q) = aj(«), 

]0,oo[ J0,oo[ 

which proves that (IT5|) holds with equality. □ 

Corollary 3.14. Lei A G [0, 1], a £ 1 and g > 0. Assume that f : D — > R zs lower hemicontin- 
uous and satisfies the Hermite-Hadamard type inequality 

f(tx + (1 - t)y)dt < A/(;r) + (1 - A)/(y) + a||a; - y\\ q (x, y G D). 



Then f also fulfils the Jensen type inequality 

,fx + y\ f(x)+f(y) q + l u „ , , 
f[-^—)< 2 + 0— ^— lF-y|| 9 {x,yeD). 

Proof. Observe that the constant weight function p = 1 satisfies the assumptions of Theorem 13. 131 
with c = p = 1. Also, with /i# := a5 9 , conditions ( |96|) and ( |97|) hold trivially. Thus, the 
conclusion of Theorem 13.131 is valid with 

a||M|| 9 a ll M ll 9 
a j\u) = — r- — = — j 

Jo (! " I 1 - 2*l 9 )^ J? (1 - (1 - 2f)*)<ft + Jj (1 - (2t - l)*)dt 
= on i ~ = Q (u & D ), 

2(g+l)J 5 

which proves the statement. □ 
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